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Q ■ Abstract 



Let Mq, a and Iq iQ , be the fractional maximal and integral operators 
with rough kernels, where < a < n. In this paper, we shall study the 
continuity properties of M^ iQ and Ir> jQ . on the generalized local Morrey 

spaces LMpffi. The boundedness of their commutators with local Cam- 
panato functions is also obtained. 
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1 Introduction 



For x G W 1 and r > 0, let B(x,r) denote the open ball centered at x of radius 
r and \B(x,r)\ is the Lebesgue measure of the ball B(x,r). Let Q G L S (S'' 1 ~ 1 ) 
be homogeneous of degree zero on IR n , where S"^ 1 denotes the unit sphere of M. n 
(n > 2) equipped with the normalized Lebesgue measure da and s > 1. For any 
< a < n, then the fractional integral operator with rough kernel Iq^ is defined 
by 

W(*) = / r^S-J {v)dy 
jR n f v\ 

and a related fractional maximal operator with rough kernel Mn iQ is defined by 
M n , a f(x) = su V \B(x,t)\- 1 ^ [ \n(x-y)\\f(y)\dy. 

t>0 JB(x,t) 
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110T695) and by the grant of 2010- Ahi Evran University Scientific Research Projects (PYO- 
FEN 4001.12.18). 

E-mail adresses: vagif@guliyev.com (V.S. Guliyev). 
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If a = 0, then Mq = Mn,o is the Hardy-Littlewood maximal operator with 
rough kernel. It is obvious that when Q = 1, i^a is the Riesz potential J Q and 
Mn^ a is the maximal operator M a . 

Theorem A Suppose that Q G L s (S n " 1 ) ! 1 < s < oo, be a homogeneous of 
degree zero. Let < a < n, I < p < ^, and ~ = i — ^ . If s' < p or q < s , then 
the operators Mq >01 and are bounded bounded from L p (IR n ) to L q {R n ). 

Let 6 be a locally integrable function on M. n , then for < a < n, we shall 
define the commutators generated by fractional maximal and integral operators 
with rough kernels and b as follows. 

M n ,6,a(/)(ar) = sup \B(x, t)\^ [ \b(x) - b(y)\\f(y)\\Q(x - y)\dy, 

t>0 JB(x,t) 

[b,In, a )f{x) = b(x)In j0l fx(x) - I n>a (bf)(x) 
Q(x - y) 



n— a 



[b(x)-b(y)]f(y)dy. 



\x - y\ 

Theorem B Suppose that Q G L s (S ln_1 ), 1 < s < oo, 6e a homogeneous of 
degree zero. Let < a < n, 1 < p < % \ = ± - f and 6 G 5MO(l"). 7/ 
s' < p or q < s, then the operators M^ a and [6, 7n,a] ar e bounded from L p (W l ) 
toL q (R n ). 

The classical Morrey spaces M P} \ were first introduced by Morrey in [35] to 
study the local behavior of solutions to second order elliptic partial differential 
equations. For the boundedness of the Hardy-Littlewood maximal operator, the 
fractional integral operator and the Calderon-Zygmund singular integral opera- 
tor on these spaces, we refer the readers to [H HH [39]. For the properties and 
applications of classical Morrey spaces, see [TU [T31 E21 123] and references therein. 

In the paper, we prove the boundedness of the operators from one general- 
ized local Morrey space LMp^} to LM.\^} , 1 < p < q < oo, 1/p—l/q = a/n, and 
from the space LMf*°^ to the weak space WLM.\^} , 1 < q < oo, 1 — 1/q = a/n. 
In the case 6 G CBMO P2 , we find the sufficient conditions on the pair (^1,^2) 
ensures the boundedness of the commutator operators [6, In iCe \ from LMpf^ 

{^o} 1_1 a 1_1 



which ensures the boundedness of the commutator operators [6, In iCe \ from LMp X ° ' 



to LM™, l<p<oo, i = ^ + 

i r i p p-^ p2 g p n ' g± pi n 

By A < B we mean that A <CB with some positive constant C independent 
of appropriate quantities. If A < B and B < A, we write A « B and say that A 
and .B are equivalent. 
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2 Generalized local Morrey spaces 

We find it convenient to define the generalized Morrey spaces in the form as 
follows. 

Definition 2.1. Let ip(x,r) be a positive measurable function on M™ x (0, oo) 

and 1 < p < oo. We denote by M Pjip = Mp^iW 1 ) the generalized Morrey space, 
the space of all functions / G L p oc (E, n ) with finite quasinorm 

II/||m p ^= sup ifix^r)- 1 \B(x,r)\~p \\f\\ Lp (B(x,r))- 

xeK n ,r>0 

Also by WM Pjlf = W Mp^iW 1 ) we denote the weak generalized Morrey space of 
all functions / G WL x ° c (w i ) for which 

Wf\\wM PtV = SUp ifix^y 1 \B(x,r)\~' \\f\\wL p (B(x,r)) < OO. 

xGM n ,r>0 

According to this definition, we recover the Morrey space M p A and weak 

X — n 

Morrey space WM Pt \ under the choice ip[x,r) = r p : 



M r ,x = M r , 



A=s , WM n . x = WM n 

(p(x,r)=r p 



X — n ■ 

<p(x,r)=r p 



Definition 2.2. Let ip(x,r) be a positive measurable function on IR n x (0, oo) 
and 1 < p < oo. We denote by LM Pj(p = LMp^iW 1 ) the generalized local Morrey 
space, the space of all functions / G L l ° c (W n ) with finite quasinorm 

\\f\\LM p , v = SU PV ?(0, |S(0,r)|-5 \\f\\L p{ B(0,r)). 

r>0 

Also by WLM Pj(p = W / LM ptf (lR") we denote the weak generalized Morrey space 
of all functions / G WL^iW 1 ) for which 

Wf\\wLM p . v = SUpv?(0,r)~ 1 \B(0,r)\~' \\f\\wL p (B(0,r)) < oo. 
r>0 

Definition 2.3. Let tp(x,r) be a positive measurable function on IR n x (0, oo) 
and 1 < p < oo. For any fixed x G R n we denote by LM p { * o} = LM^ } {R n ) the 
generalized local Morrey space, the space of all functions / G L p oc (M, n ) with finite 
quasinorm 

\ LM i*o} = \\f( x o + OIUaW 



Also by W^LM p { ^ o} = WLM^iW 1 ) we denote the weak generalized Morrey 
space of all functions / G WL^iW 1 ) for which 

r LM i-o} = \\f(x + -)\\WLM P , V < OO. 
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According to this definition, we recover the local Morrey space LM^ o} and 
weak local Morrey space WLM^^ under the choice cp(xQ,r) = r~p~: 



LMi? } = LMh ,} x-n , WLM^ o} = WLM^ } 



p,X p,(p 



ip(x ,r)=r P y ' ^ 



A — n - 

ip(xo,r)=r P 



Wiener [45] |46] looked for a way to describe the behavior of a function at 
the infinity. The conditions he considered are related to appropriate weighted L q 
spaces. Beurling [4] extended this idea and defined a pair of dual Banach spaces 
A q and B q >, where 1/q + 1/q' — 1. To be precise, A q is a Banach algebra with 
respect to the convolution, expressed as a union of certain weighted L q spaces; 
the space B q i is expressed as the intersection of the corresponding weighted L q i 
spaces. Feichtinger [24] observed that the space B q can be described by 

kn 

\\f\\ B , = sup2~||/ Xfc || Lq(Rn) , (2.1) 

fc>0 

where Xo is the characteristic function of the unit ball {x £ M. n : \x\ < 1}, Xk is the 
characteristic function of the annulus {x £ M. n : 2 fc_1 < \x\ < 2 k }, k = 1,2, . . .. 
By duality, the space A q (R n ), called Beurling algebra now, can be described by 

i 

kn 



2 ^||/Xfc|U,(R»)- (2-2) 



k=0 

Let B q (R n ) and A q (R n ) be the homogeneous versions of B q (R n ) and A q (R n ) 
by taking k £ Z in and fl23i instead of k > there. 

If A < or A > n, then LM^ )} (R n ) = 9, where 9 is the set of all functions 
equivalent to on R n . Note that LM pfi (R n ) = L p (R n ) and LM p ^ n (R n ) = B 



B p ,p, — LM Pjt p 



WB P ^ = WLM P>V 

v (0,r)=rP n 



(/ 5(0,r)=rA" 1 



Alvarez, Guzman-Partida and Lakey [3] in order to study the relationship 
between central BMO spaces and Morrey spaces, they introduced A-central 
bounded mean oscillation spaces and central Morrey spaces B p ^(R n ) = LM Ptn+nni ( 
fj, £ [-M]. If fi < - 1 or n > 0, then B p JR n ) = 9. Note that B i(R n ) = 

L p (R n ) and B P fi(R n ) = B p (R n ). Also define the weak central Morrey spaces 



Inspired by this, we consider the boundedness of fractional integral operator 
with rough kernel on generalized local Morrey spaces and give the central bounded 
mean oscillation estimates for their commutators. 
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3 Fractional integral operator with rough ker- 
nels in the spaces LMp^ 

In this section we are going to use the following statement on the boundedness 
of the weighted Hardy operator 



/oo 
g(s)w(s)ds, < t < oo, 



where w is a fixed function non-negative and measurable on (0,i). 

Theorem 3.1. Let v\, v% and w be positive almost everywhere and measurable 
functions on (0, l). The inequality 

ess sup V2(t)H^g(t) < Cess sup v\(t)g{t) (3.1) 
t>o t>o 

holds for some C > for all non-negative and non- decreasing g on (0, i) if and 
only if 

„ . , f°° w(s)ds 

5 := ess supt> 2 t / — . , < l. 3.2 

i>0 J t esssupwi(r) 

S<T<00 

Moreover, if C* is the minimal value of C in (13.11) . then C* = B. 

Proof. Sufficiency. Assume that (13.21) holds. Whenever F, G are non-negative 
functions on (0, i) and F is non-decreasing, then 

ess sup F(t)G(t) = ess sup F(t) ess sup G(s), t > 0. (3.3) 

t>o t>0 s>t 

By ( 13. 3h we have 

esssupwi(r) 

ess sup v 2 (t)H*g(t) = ess sup v 2 (t) / g(s)w(s) S<T<1 _ ds 

t>o t>o Jt esssupwi(r) 

S<T<1 



. . f w(s)ds , . , . 

< ess supWt) / ^-r ess supg(t) ess supiMr) 

t>o A esssupwi(r) t>0 t< T <i 

S<T<1 

. . Z" 00 w(s)ds . . 

= ess sup t>2(t) / — ess sup g(t)vi(t) 

t>o Jt esssupwi(r) t>0 



S<T<1 

< £> ess sup g(t)vi(t). 

t>o 

Necessity. Assume that the inequality ( 13. ip holds. The function 

g{t) = 1 —- T , t>0 

ess supui(r) 

t<T<l 



is nonnegative and non- decreasing on (0,i). Thus 



,S f°° W ( S ) ds Mt) 

B = ess supWt) / 7 — r < C ess sup — — < G, 

t>o Jt esssupwi(r) t >o ess sup (r) 

s<r<i t<T<i 

hence C* = B. □ 

In [T7] the following statements was proved by fractional integral operator 
with rough kernels In a , containing the result in 



Theorem 3.2. Suppose that Q G L s (S' n ~ 1 ), 1 < s < oo ; be a homogeneous of 
degree zero. Let < a < n, l<s'<p<^, ^ = ^ — ~ and ip(x,r) satisfy 
conditions 

c~ l (p(x,r) < (p(x,t) < c(p(x,r) (3.4) 
whenever r < t < 2r, where c (> 1) does not depend on t, r, x G K n and 

dt 

t ap ip(x, t) p j < C r ap ip(x, r) p , (3.5) 

where C does not depend on x and r. Then the operators M^ iQ and 7n,o are- 
bounded from M p>l p to M qjip . 

The following statements, containing results obtained in [33] , [35] was proved 
in [261128] (see also [5]-[8], [271 [29]). 

Theorem 3.3. Let 0<a<n, l<p<^ = ^- 2 and ((pi,(f2) satisfy the 
condition 

oo 

a-1 



t a ~ Vi(0, t)dt < C <p 2 (0, r), (3.6) 

where C does not depend on r. Then the operators M a and I a are bounded from 
LM pm to LM Q;(p2 forp > 1 and from LM~i m to WLM qyip2 for p = 1. 

Lemma 3.4. Suppose thatxo G W 1 , Q G L s (S n ^ 1 ), 1 < s < oo, be a homogeneous 
of degree zero. Let 0<a<n,l<p<'^, and i = i — ^ . Then, for p > 1 and 
s' < p or q < s the inequality 

\\In, a f\\L q (B{x ,r))<r« / t « \\f\\ Lp (B(x ,t))dt 

holds for any ball B(xq, r) and for all f G Lp OC (IR n ) . 
Moreover, for p = 1 < q < s the inequality 



\\In,af\\wL q (B(x ,r)) <r« / t « ^l/IU^B^o,*))^ ( 3 ' 7 ) 

</2r 

holds for any ball B(xo,r) and for all f G Llloc. 
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Proof. Let < a < n, 1 < s' < p < I and \ = ± - 2 . Set 5 = 5(x , r) for the 
ball centered at xo and of radius r. We represent / as 

/ = /i + / 2 , h(y) = f(y)x2B(y), h(y) = /(y)xc (2B) (y), r > o, (3.8) 

and have 

||-^n,a/|U 9 (B) < |pn,a/l|U,(B) + || -fo,a/2 || L g (B) • 

Since /i G L p (IR n ), £ L 9 (M n ) and from the boundedness of from 

L p (R n ) to L g (M n ) it follows that: 

||^,q/i|U 9 (B) < H-^a/llUgOR") < C||/l|U p (M") = C||/||l p (2B), 

where constant C > is independent of /. 

It's clear that x G -B, y G (2B) implies ||x — y| < |x — y| < ||xo — y\- We 

i c (2B) Fo -y| n a 

By Fubini's theorem we have 



J C (2B) F0-y| J C (2B) ^|x -j/| 

« f / l/(y)l|n(a:-y)|dy 

</2r </2r<la;n-</l<t 



j-n+l—a 

dt 



< 



1 2r J 2r<\x -y\<t ^ n+1 " 

\f(y)\Mx-y)\dy-§_. 

2r JB(x ,t) 1 



Applying Holder's inequality, we get 
\f(y)\Mx-y)\ 



(2B) Fo - y\ 



-dy 



< 



< 



£ ll/lkw*o,*)) \n--y)\\L s{ B M) |5(*o,*)l 1_H j£L. (3.9) 



dt 

, ..Lp(B(x ,t)) n +1 • 
2r t« 



Moreover, for all p G [1, i) the inequality 

||^,a/2|U 9 (B) < r« / ||/IU P (B(x ,t))-n-r- (3-10) 

J2r 



is valid. Thus 



|i"n,a/|U 9 (B) < ||/|U P (2B) +r« / ||/||L J> (B(* 0) t))-«+r- 

J2r t 9 



On the other hand, 

L P (2B) » r? ||/|U p (2B) / 7^1 

J2r ti 

r dt 

< r ~ q / ll/ll£p(B(xo,t))-a+r- ( 3 - U ) 

Thus 

||-fa,a/|| L,(B) ^ r« / ||/||i p (B(a!o,t))-»+r- 

When 1 < g < s, by Fubini's theorem and the Minkowski inequality, we get 



\In,af2\\L q (B) < 



|/(y)||n(a;-y)|^- 



< 



B J2rJB{x ,t) 1 

1 f dt 

/ \f(y)\\\n(.-y)\\ Lq{B)d y-—-^ 

2r JB(x ,t) 1 



T 1 



< 



< 



2r J B{x ,t) ! 

dt 



Li(B(x ,t))—T— (3.12) 



+n+l— a 
2c t 

(it 

..L p (B(x ,t)) n +1 ■ 
2r ti 



Let p = l<5<s<i. From the weak (1, q) boundedness of In >a and (13. lip 
it follows that: 

||^fi,a/l|| WX g (B) — \\In,afl\\wL q {R n ) ^ ||/l |Ui(K n ) 

C 1 dt 

= ll/IUi(2B) ^ r? / ||/IUi(B(* ,t))^+r- ( 3 - 13 ) 

Then from (13. 10 j) and (13.131) we get the inequality (13. 7p . □ 
Theorem 3.5. Suppose that xq € M. n , Q G L S (S'™ _1 ) ; 1 < s < oo, 6e a homoge- 



n 1 1 a 

Let a/so, £ne jxnr (c^i,^) satisfy the condition 



neous of degree zero. Let < a < n, l<p<^, - = - — ^, and s' < p or q < s. 



poo ess inf (fi(xo, t)tp 

/ f<r< °° B+1 dt<Cy 2 {x^r), (3.14) 



where C does not depend on r. Then the operators Mq m and Iq j(X are bounded 
from LAf}$ to LM$$ for p > 1 and from LM}^ to WLM^} for p = 1. 
Moreover, for p > 1 

\\M nta f\\ {XQ } < \\In,af\\ T , M {* } < II /L M ^o) 



and for p = 1 



Proof. By Lemma l3.4l and Theorem l3.1l with ifafr) = (fo(xn. r) x , t> i(r) = <£>i(a?o> r) V p 
and io(r) = r" we have for p > 1 



|/n,a/L Af {*o} ^ supv3 2 (x ,r) 1 / 
wu ^2 r>0 y r 



(it 

L p (B(x ,t)) n +1 

1 1 



<supy?i(x ,r) 1 r p \\f\\ Lp {B( Xo ,r)) = ||/|| £M {- } 

and for p — 1 

||/q, q /|L lm {, } < SUp^ 2 (xo,r)" 1 / ||/||L 1 (B( a! o,t))-»+r 

< sup^i(xo,r) _1 r- n H/H^B^.r)) = ll/ll LM W>- 

□ 

Corollary 3.6. Suppose that Q e L s (5' ri ~ 1 ), 1 < s < oo, be a homogeneous of 



n 1 1 a 

a 

the pair (^1,^2) satisfy the condition 



degree zero. Let < a < n, I < p < ^, ~ = ~ — ~? an< ^ s' < p or q < s. Let also, 



00 ess inf <^i(x, rjr? 

— dt < C f 2 (x,r), 



,-+1 

t* 



where C does not depend on x and r. Then the operators Mn )Q and are 
bounded from M Pm to M qm for p > 1 and from M\ m to WM qttp2 for p = 1. 
Moreover, for p > 1 



11^2,0/11 Af,,^ ^ iKn.a/llAf,,^ < \\J \\M PlV>1 , 

and for p = 1 

ll-^Q.a/llwM,,^ ^ ||/n ) a/||wM g>¥ , 2 ^ || /|| M 1>n ■ 

Corollary 3.7. Let 1 < p < 00, < a < ^, \ = \ — f and (^1,^2) satisfy 
condition f !3.14j) . TTien t/ie operators M a and I a are bounded from LMp^} to 
LA/fc } forp>\ and from to WLM$$ forp=\. 

Remark 3.8. Note that, in the case s = 1 Corollary 13.61 was proved in [29]. The 
condition f !3.14j) in Theorem 13.51 is weaker than condition (13. 6p in Theorem 13.31 
(see [23]). 
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4 Commutators of fractional integral operator 
with rough kernels in the spaces LMp*$ 

Let T be a linear operator, for a function b, we define the commutator [b, T] by 

[b,T}f(x) = b(x)Tf(x)-T(bf)(x) 

for any suitable function /. If T be a Calderon-Zygmund singular integral op- 
erator, a well known result of Coifman, Rochberg and Weiss [14J states that the 
commutator [b,T]f = bTf — T(bf) is bounded on L p (R n ), 1 < p < oo, if and 
only if b G BMO(R n ). The commutator of Calderon-Zygmund operators plays 
an important role in studying the regularity of solutions of elliptic partial differ- 
ential equations of second order (see, for example, [121 E31 E2] ) ■ In [H], Chanillo 
proved that the commutator [b, I a ]f = bl a f — I a (bf) is bounded from L p (R n ) to 
L q (R n ), (1 < p < q < oo, i = i - 2 ) if and only if b e BMOiW 1 ). 
The definition of local Campanato space as follows. 

Definition 4.1. Let 1 < q < i and < A < \. A function / 6 L l ° c (R n ) is said 
to belong to the CBMO^ (R n ) (central Campanato space), if 

/If \l/9 



where 



Define 



^\\B(x 0i r)\^J BM 

fBM = w^\l B{x J {y)dy - 

CBMO { J } (R n ) = {fe (R») : ||/|| oW „ < i}. 



In [30], Lu and Yang introduced the central BMO space CBMO q (R n ) = 
CBMO^(R n ). Note that, BMO{R n ) C CBMO { q xo} (R n ), 1 < q < i. The space 

CBMOq X °^(R n ) can be regarded as a local version of _BAfO(lR n ), the space of 
bounded mean oscillation, at the origin. But, they have quite different proper- 
ties. The classical John-Nirenberg inequality shows that functions in BMO (R n ) 
are locally exponentially integrable. This implies that, for any 1 < q < i, the 
functions in BMO (R n ) can be described by means of the condition: 



(If \V<? 
SU P \Td\ / \f(v) ~ fB\ q dy) < oo, 

r>0 V |-D| 7_B 7 



where -B denotes an arbitrary ball in R n . However, the space CBMO\ x °^{R n ) 
depends on q. If q t < q 2 , then CBMO\ x 2 o} (R n ) g CBMO\ Xo} (R n ). Therefore, 
there is no analogy of the famous John-Nirenberg inequality of BMO (W 1 ) for the 
space CBMO\ Xo} (R n ). One can imagine that the behavior of CBMO\ Xa] (R n ) 
may be quite different from that of BMO(R n ). 



10 



Lemma 4.2. Let b be a function in CBMO { q ^ } (R n ), 1 < q < oo, < A < ~ and 
ri, r 2 > 0. Then 



^2 



lcBMo {a ; o} ' 

g, a 



where C > is independent of b, r\ and r 2 . 

In [T7j the following statement was proved for the commutators of fractional 
integral operators with rough kernels, containing the result in [3"4"l 155] . 

Theorem 4.3. Suppose that x G M. n , Q G L s (S' n ~ 1 ) ; 1 < s < oo, fee a homo- 
geneous of degree zero and b G BMO(M. n ) . Let 0<a<n,l<s'<p<^, 
q = p ~ n> V 9 ( x ) r ) which satisfies the conditions ( 13 .41) and (13.51) . TTien t/ie 
operator [b, In,a] is bounded from M Pylfi to M q>ip . 

Lemma 4.4. Suppose thatxo G M. n , Q G L s (S n ^ 1 ), 1 < s < oo, be a homogeneous 
of degree zero. Let < a < n, 1 < p < ^, b E CBMO^^W 1 ), < A < \, 

l_J_iJ_l_l_a_l___L a 

V Pi P2 ' q P n ' qi pi n' 

Then, for s' < p or q\ < s the inequality 

||Mn, a ]/|k(B(* ,r)) < \\ h \\ C BMO { ^ l ( 1 + lnt -) tn ^^ 1 \\fh Pl (B(x ,t))dt 

holds for any ball B(x ,r) and for all f G L l °°(M. n ). 

Proof Let 1 < p < oo, < a < 2 ± = i + i ± = 1 - 2 and J- = i - 2. As 

^ ^ ' p ' p pi p2 ' q P n> qi pi n 

in the proof of Lemma 13.41 we represent function / in form (13.81) and have 

[bjnjfix) = (b(x) -b B )l a , a fi(x) - J n ,« ((&(') -b B )fi)(x) 

+ (b(x) - b B )l n , a h(x) - / n ,«((6(0 " M/ 2 ) ( x ) 
= J x + J 2 + J 3 + J 4 - 

Hence we get 

||[6, ^n,a]/|U,(B) < ||^l||L 9 (B) + ||^ 2 ||l 9 (B) + H^IU^B) + || ^4 || L,(B) • 

From the boundedness of [b, Iq )C J from L Pl (IR n ) to L 91 (R n ) it follows that: 

\\Ji\\l C] (b) < || (6(0- &B)[Mn,a]/i(OIU,(R n ) 

< ||(6(-) -6 B ) || ipa (Rn)[6,/n,a]/i(0IU« 1 (R») 

P2- A 



G ll fe llcW^>^ + " +nA ll/IU P i^) / 

P2- A J 2r 



P2>^ J 2r 



OO 
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For J 2 we have 

2\\L q{ B)<\\[b,In, a ]{b(-)-b B )f 1 \\ Lq{Rn) 

<||(&(-)-M/l|lk(M") 

< \\b(-) - 6b||l P2 (R")||/i||l Pi (R") 



poo 

< \\b\\. ; ,.,rt + ^ A ||/|| r „.„ m / r'-Zdt 

J2r 



\ C BMO { ^ rP2 91 11/11^(25) 
r>oo 



P2> A 



poo j. 
J ^ + ^-)\\f\\L n (B( XoA )t- 1 -^dt. 



For J 3 , it is known that x G -B, y G G (2-B), which implies ^ |xo — y\ < |x — y| < 
l\x -y\. 

When s' < p, by Fubini's theorem and applying Holder inequality we have 

\l nMx )\<c a j c jm X -v)\ ] ^r-Jv 

-I™! \<n(x-y)\\f(y)\dyt-'-'-dt 

J2r J2r<\x -y\<t 
poo n 

< / / Mx-y^midyt-'-^dt 

J2r JB(x ,t) 

r°° 1 1 

< / ||/||L P1 (B(* Ol t))ll n ( a: -0IU.(B(*o,t))l S ( a; O,OI P1 ~ 8t P1 dt 
J2r 



< I \\f\\L n (B(x ,t))t 1 q "dt. 
2r 



Hence, we get 

h\\ Lq {B) = \\{b(-) - b B )l n , a f 2 (-)\\L q (Rr,) 

pOO 

< II (6(0 " b B ) ||l,(r») / \\f\\L Pl{ B( X0 ,t)) f'-Zdt 

J2r 

/•oo 

. . _n_ / ^ n 

< 11(6(0 -b B )\\ Lp2 {w>)r^ / ll/IUp^B^o,*))* qidt 

J2r 

s \\ h \\cBMo^ +nx rfi+^^n/ikw^))*" 1 "-*- 

P2,^ J2r v ' x 
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When qi < s, by Fubini's theorem and the Minkowski inequality, we get 
slk(B) < ( / I f I \f{y)\Ux)-b B mx-y)\dy-^\ q Y 

X JB J2rJB(x 0) t) 1 ' 

< f f \f(y)\\M-)-b B M--y)\\ LqiB) dy- 

J2rJB(x ,t) 1 



a+1 

dt 



< f [ \f(y)\\\K-)-bB\\L ni B)\M--y)\\ LniB) dy-^ 



^\n cBM0 ^ x r^ nX \B\T^ I I \f(y)\\M.-y)\\ Ls(B) dy^ a+l 

P2> x J2r JB(x ,t) 1 

r 1 dt 

ZM CBMO i* yr^ ||/|| £i(fl(!eo>t)) (4.1) 

P2> x J2r 1 

% \\ b \\ C BMO^ r * +nX f ( 1 + ln ^)ll/H^(^o,*))T^- 
P2> A J2r v ' ' tn 

For x G B by Fubini's theorem and applying Holder inequality we have 
\In, a ((b(-)-b B )f 2 )(x)\ < J c ^ \b(y)-b B \ \Q(x-y)\ J^Lj v 
</^| W -6 fl || n( ,- y) | ] J^L^ 
~ f°° f My) - b B \ \Q(x - y)\ \f{y)\dyt a - n ' l dt 

J2r J2r<\x -y\<t 

f [ \Kv)-b B{xo ,t)\Mx-y)\\f(y)\dy-^ 

I2r JB(x ,t) 1 

dt 



dt 



< 



+ / \b B (x (h r) - b B (x ,t)\ I Mx-y)\\f(y)\dy— 

J2r JB{x ,t) 1 



/»1 1 (fat 

^ / \\(b(-) - b B{x0jt) )f\\ Lp{B{x0it )) \M- - y)\\ Ls {B(x ,t)) \B{x ,t)\ l ~p- l ° 

J2r 1 



+ / \b B (x ,r) -b B (xo,t)\\\f\\L P1 (B(x ,t)) ~ y)\\L 3 (B(x ,t)) \B{x ,t)\ "i °t 

J2r 

I ^_ _n_ 

^ ~ bB{xo,t)\\L P2 (B(xo,t))\\f\\L P1 (B(x ,t))t 91 dt 

J2r 



a—n—l 



dt 



>2r 

t 



- l|6|L D ,^w / (l + ln-lll/ll^fBfxn.^^" 1 ""^ 



\CBMO {x «l / V r) \\J W L Pi( B ( x o,t)) 

< II^II cbmo ^o} / (i + in^)ii/i| Lpi(B (x , t )) r A_1 "^rft. 
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Then for J4 we have 

||^4|U,(B) < \\Itt,a(b(') - &b)/2|U,(K«) 



P2> x J2r v ' ' 

When qi < s, by Fubini's theorem and the Minkowski inequality, we get 
\\Iu,M\L q (B) <(f\ff \Hv)\Mx - y)\dy-^\ q )< 

K JB J2rJB(x ,t) 1 ' 

< f I \f(y)\\M--y)\\L qi B)dy ,H 



2r J B(x ,t) 1 



1 1 



< \B\«-> I I \f(y)\\M--y)\\ Ls (B)dy <h 



< 



< 



2rJB(x ,t) 1 

1 dt 

||/IUi(B(aio,t)) . n _ a+ i ( 4 - 2 ) 
2r 1 

1 dt 

\\f\\L P1 (B{xo,t)) jL+i- 
2r tn 



Now combined by all the above estimates, we end the proof of this Lemma 

□ 

The following theorem is true. 

Theorem 4.5. Suppose that x E M. n , Cl E L s (S' n_1 ) with 1 < s < 00, be a 
homogeneous of degree zero. Let < a < n, 1 < p < ^, b E CBMOj^°l(M. n ) , 
0<A<i, i = i + i, I = I_2 i = _L _ 2. Let a/so, for s' < p or q 1 < s 

— n 7 p pi P2 g P n qi Pi n ' J — ^ 

the pair (<^ 1 ,<^ 2 ) satisfy the condition 

r oo . ess inf V9i(x ,r)rp 
jf (l+ln-) t<r< °° t? _ nA+1 *<^r), (4.3) 

where C does not depend on r. Then, the operators and [b, In iCe ] are 

bounded from LMp#} to LMq^} . Moreover 

\\M nAa f\\ LM ^ } < \\[b,I u , a ]f\\ LM ^ < \\b\\ CBMO g>} Wf\\ LM %- 

Proof. The statement of Theorem 14.51 follows by Lemma 14.41 and Theorem 13.11 in 
the same manner as in the proof of Theorem 13.51 □ 

For the sublinear commutator of the fractional maximal operator M& )C , and 
for the linear commutator of the Riesz potential [b, I a ] from Theorem 14.51 we get 
the following new results. 
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Corollary 4.6. Let < a < n, 1 < p < a, b G CBMO { £j(R n ), < A < \, 
- = — + —, - = - — - — = - — - and (q9i,q92) satisfies the condition (14.31) . 

P Pi P2 q P n ' qi pi n' yrnr^j J v v 

Then, the operators M& )Q , and [b, I a ] are bounded from LMp*^ to LMq^ ■ 



5 Some applications 

In this section, we shall apply Theorems 13.51 and 14. 5 1 to several particular operators 
such as the Marcinkiewicz operator and fractional powers of the some analytic 
semigroups. 



5.1 Marcinkiewicz operator 

Let S n ~ 1 = {x G M. n : \x\ = 1} be the unit sphere in M. n equipped with the 
Lebesgue measure da. Suppose that x G IR n , Q G L s (5' ri_1 ), 1 < s < oo, be a 
homogeneous of degree zero and satisfy the cancellation condition. 

In 1958, Stein [UJ defined the Marcinkiewicz integral of higher dimension p,Q 

as 

,,, - 1 / 2 



where 

Fn, t {f){x) = I ^ X ~H ) _ l f{y)dy. 

J\x-y\<t \ x y\ 

Since Stein's work in 1958, the continuity of Marcinkiewicz integral has been 
extensively studied as a research topic and also provides useful tools in harmonic 
analysis [SSI SQl S21 S3]. 

The Marcinkiewicz operator is defined by (see |44j ) 

1/2 



/ f°° dt 
»nAf)(x) = U \Fn, a ,t(f)(x)\ 2 ^ 



where 

W/)(*) = / ^Jjlj Wv- 

J \x— y\<t I*" y I 

Note that p n f = p n ,of- 

Let H be the space H = {h : \\h\\ = (J °° \h{t)\ 2 dt/t 3 ) 1 / 2 < i}. Then, it is 
clear that pn, a (f)(x) = \\F n ^ t (x)\\. 

By Minkowski inequality and the conditions on Q, we get 

*!,«(/)(*)</ } a{x 7jh f(y)\(r ^) 1/2 dy<cinM)(x)- 

JWl" \ x — V\ \J\x-y\ 1 J 
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It is known that //n,a is bounded from L p {R n ) to L q (M. n ) for p > 1, and bounded 
from Li(R n ) to WL q (R n ) for p = 1 (see |34"]). then from Theorems |33] and |43] 
we get 

Corollary 5.1. Suppose that x G W 1 , Q G L s (S' n_1 ), 1 < s < oo, 6e a homo- 
geneous of degree zero and satisfy the cancellation condition. Let < a < n, 
^— P < a'q = p~n an< ^ f or s ' — P or I 1 < s ^ e P a ^ r (^i ; ^2) satisfy the 
condition (13.141) . Then jj^ a is bounded from LMp^} to LM\^} for p > 1 and 
from Af/* * to WLM^i forp=\. 

Corollary 5.2. Suppose that x G W 1 , G L s (S' n ~ 1 ), 1 < s < oo, be a homo- 
geneous of degree zero and satisfy the cancellation condition. Let < a < n, 
I < p < - , b £ CBMO^Uw), < A < ±, l = ± + ± t I = I-° ; ^ = i- « 

1 a' P2i^ v ' ; — n 7 p Pi Pa 9 P n <7i Pi n 

and for s' < p or qi < s the pair ((fi,if 2 ) satisfy the condition (I3.14p . Then 
K A*n,a] ls bounded from LMp^} to LM^} . 



5.2 Fractional powers of the some analytic semigroups 

The theorems of the previous sections can be applied to various operators which 
are estimated from above by Riesz potentials. We give some examples. 

Suppose that L is a linear operator on L 2 which generates an analytic semi- 
group e~ tL with the kernel p t (x,y) satisfying a Gaussian upper bound, that is, 

\Pt(^y)\ < -^e-^ (5.1) 

for 1,1/6 1" and all t > 0, where ci, c 2 > are independent of x, y and t. 

For < a < n, the fractional powers L~ a l 2 of the operator L are defined by 

Note that if L = —A is the Laplacian on IR n , then L~ a / 2 is the Riesz potential 
I a . See, for example, Chapter 5 in [40 j. 

Theorem 5.3. Let condition (15.11) be satisfied. Moreover, let 1 < p < oo, 
< a < -, ^ = ^ ~ f t , (^1,^2) satisfy condition (13.141) . Then L~ a l 2 is bounded 

from LM$m to LM%$ forp>\ and from M^°} to WLM%$ forp=l. 

Proof. Since the semigroup e~ tL has the kernel pt(x,y) which satisfies condition 
(153)1 . it follows that 

\L- a/2 f(x)\<I a (\f\)(x) 
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(see [20J). Hence by the aforementioned theorems we have 

\\L- a / 2 f\\ A&0) < ||/a(|/|)||^o> <||/|| M ^o}- 

□ 

Let b be a locally integrable function on K n , the commutator of b and L~ a / 2 
is defined as follows 

[6,L- a / 2 ]/(x) = b{x)L- a ' 2 f{x) - L~ a ' 2 {bf){x). 

In [20] extended the result of |9J from (—A) to the more general operator L 
defined above. More precisely, they showed that when b G BMO(M. n ), then the 
commutator operator [b, L~ a l 2 ] is bounded from L p (R n ) to L q (R. n ) for 1 < p < 
q < oo and - = . Then from Theorem 14.51 we get 

^ g p n ' 1 ° 

Theorem 5.4. Let condition (15.1ft be satisfied. Moreover, let < a < n, 1 < 
p < a, 6 G CBMOi x °}(R n ), 0<\<±,± = ± + ±,± = ±-Z,and± = ±-^, 

1 a' P2,A y 17 — n' p pi P2 g p n' gi pi n 

and (<^i, y? 2 ) satisfies the condition (14.31) . T/ien [6, L~ a / 2 ] zs bounded from LM^} 
to LM\^}. 

Property (15. ip is satisfied for large classes of differential operators (see, for 
example [6\). In [6] also other examples of operators which are estimates from 
above by Riesz potentials are given. In these cases Theorem 13.51 and 14.51 are also 
applicable for proving boundedness of those operators and commutators from 
LM^} to LikfS. 
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